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ON SELF-SIMILAR SOLUTIONS FOR THE COLLAPSE OF AN EMPTY 
CYLINDRICAL HOLLOW IN A G A S  WITH EQUATION OF STATE P -spa; 

I N. S. Kozin 
~ 

Let us consider the collapse of an empty cylindrical hollow in a gas with /243* 
equation of state p-E” sp. The motion of the gas outside the hollow is described 
by the equations 

. 

I 

i) ( 1 4  + ac) a(u+ac)  u c .  
+----,* 

r + ( u + c )  ar ’ 7- 

, at I 

where u is the velocity of the gas, c is the velocity of sound, r is a space co- 
ordinate, t is the time, (z = 2 / ( X  - I), ( X  being the adiabatic exponent), S is the 
entropy of the flow, and S is a constant. The free boundary of the gas is a 
cylinder of radius R(t). On the free boundary, the pressure p is equal to 0 and 
the velocity of the gas coincides with the velocity of the free boundary: u = dR/dt. 

We assume the solution to beself-similar, that is, invariant under trans- 
formations of the similarity group %: 

where k is a parameter in the group, called the self-similarity exponent. To 
solve the problem posed, we need to ascertain for what values k* of the parameter 
k does there exist a solution of the system (1) with the corresponding boundary 
conditions. In all the cases considered, the value of k* was determined numeri- 
cally. The asymptotic dependence of k on :< which we indicate by writing K (x), 
is given for large values of x. 

The present problem, its statement, and methods of solving it a re  analogous 
to the problem on the collapse of an empty spherical hollow, the solution of 
which I s  doscribccl in dotail in 11 

Section 1 

, 

‘the equations i.n the system (1) and of the boundary conditions under the similarity 
The solution of this problem is simplified by the fact that the invariance of 

I 
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group G enables us to reduce the system (1) to a system of ordinary differential 
equations. Specifically, if we take for the independent variables t and E - r-*f,  
and if we take for the unknown functions4U and which are connected with the 
functions u and c by the relations 

k 

/244 - 

\ we obtain instead of (1) the system 

I 

where I 

- _ _ .  . 

N ( a ,  bj = N ( b ,  u )  = ( 1 - u )  { [ ( i + a ) b , +  ( 1 - - ) a ]  ( l - b / k )  -1- ( a z - b 2 ) / 2 k ] .  
I 

We shall assume that t e 0. prior to the instant of focusing, that t I= 0 at the 
instant of focusing, and that t > o after the collapse. 

Thr requirement that the functions u and c remain bounded as i + O  leads ta 
the condition 

By virtue of the self-similarity , the free boundary is the line-<= Ei = const, 
Then, from the fact that u = dR/dt along the line E = 51, it follows that 

The condition that the velocity of sound be nonnegative imposes a restriction on 
the choice of functions ~ ( f )  and b k ) ;  _ _  - namely, 

I 
t -- 5 
a < b ,  , t < O ; i  

I . __ _- . . 

Thus, the Gestriction (3)-(6) is a system of boundary conditions for (2). 
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Instead of the system ( Z ) ,  let us look at the equivalent system 

' d6 ( ~ + l ) d f + ( a -  l ) N  ' ,  

( j  da ( a - l ) h f + ( a + i ) N  ' 

4 

Integration of the system (7);(8) reduces to integration of equation (7) and to a 
quadrature. 

TO solve the problem posed, we need to know the value k* of the parameter 
k at which Eq. (7) has an integral curve connecting the singular points a = 0, 
b = 0 and a = 1, b = 1 that lies in the half-plane b 3 a of the phase plane of the 
equation. Therefore, we shall henceforth be primarily interested in Eq. (7). 
It has nine singular points, a fact that complicates considerably the search for 
the value of k* and the solution corresponding to it. t 

We have 

0: a = 0, b = 0 is a dictritical node for all values of k; 

M: a = 1, b = 1 is a saddle for  all values of k; 

K: a = k, b = k is a noqe for all values of k; 

Let us look at the singular points N1 and N2. These are real for all k < ky,- 

where k 3  = 1 / (1 + la)2 + 1,- In all the calculations that we have made, x varied 
between 5/3 and 3. In this interval, the nature of the singular points, N1 and 
Nz is as follows: for every singular point, there exist numbers kl and k2 such 
that IC < kz < k3- and, for  ki', the corresponding - .I_ singular point is a focus; for %C k <- tz-, it is a node, and, for 1;; c kS, it is a saddle. The numbers kl 
and k2 depend, as was stated above, on the point. For the singular point N1, 
we have 
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Figure 1 shows 8 graph 

Figure 1, 

'J'ko bohavior of kl (4 was determined 
niiiwr*latrIly. The relative position of the 
f i I i \ i$ t i l tw points and the isoclines of Eq, (7) 
t ~ w  kilrowii In Figs, 2 and 3. Figure 2 
' ~ ' ~ j t i * ( ~ t l c t i i l , ~  the case kl < 12 < kz; Fig. 3 
P ~ ) I * O M O I ~ N  tho case k? e k < k3. Physical 
ooiit.il(loratfons, which are discussed in 
dotnil in I l l ,  impose yet another restriction 
oil tho possible values of k, namely, the 
roquiromont that k > 1. 

l l ~  floltition that we are seeking. Then, 
(1 ,  I )  le n saddle because this integral curve 
i \ i ~ r r r t  bo on0 of the separatrices of the singular 
pollit, Tho linearization (7) close to (1.1) 
rrlubww tlrnt tho saddle has two entrance 
t I I  iio{t tionH: 'b-1 = a-1 and b-1 = 1-a. The 
l'l r*nt diroction corresponds to the trivial 
rioliiClon ti E b; the second, to the solution 
llrrtt wo iiro sosking. It follows from this 
I h t ,  Ibr tho solution to pass through the 

kr 

' 
1,nt lis turn now to the constru&tion of 

point (0, O), it muet Intureoot: Iho I l i i o  I) $91 1, (We note that the solution must 
lie in the region 1 3 ( 8 ,  Hinoa in tho p 1 3 0 w 3 i i t  cas0 t < 0.) 

If this were not tho a ~ ~ s o ,  whon wu Ititcrgrrilo quation (8) along the trajectory, 
the function g ( n )  would bo nanmunototilu, wlilah is impossible. 

P 

However, tho tmjootory oan htcir*rJoot tho line b = 1 only at  a singular point. 

It follows that Mio salrztjan rvruwl; Itrlrr~rbsoct the line b = 1 either at the point 
N1 or at the point Na, ~ ~ i l # i i ~ ~ t ~ ~ } ~ ~ ~  Jrnvt, sliawn that in all cases the trajectory 
passes through N1, 'I'Sia eingu1,nr polnt N1, corresponds to the characteristic 
of the system (1) that; runohus tho nontor at the instant of focusing of the hollow I l l .  

Thereforo, for n ~lolutlon tu ~ 9 X i ~ t ,  i t  is necessary that N be either a node 
or  a saddle, that i R ,  tlmt 
for every value oP IC in tha intorviil inim (1, hi) < k < ka, the problem posed has a 
solution. The solution is no$ unique, but all solutions pass through the point N1 
with a weak discontinuity, In fa&, tho oharacteristic corresponding to N1 was in 

.CS h .r: /rtl Alga, k must be greater ban 1. In general, 

tione, This leads to 
tio at the po 
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The fundrrwrontr\l Furrliira~ of I l r c r  tiitr4liod raduce to the following: two analy 
curves, tho so-~iilltril ~ 1 4 ~ ~ ) 1 ~ ~ ~ ~ ~ l ~ * l ( i ( ~ ~ ,  I i w w  through the node N. It is just these 
separatrices tlirrl; oiw A C ~ ~ V O  MI l . 1~  ~crltiIIoi~ of lire problem posed, Therefore, 
to construct 1110 flolulioi\ llirit wo I \ I*O ~iwkliig, we need to find the value of the 
parameter k aru wlrlol, ono a! Ilro wlrrrr'irlrlooa passes through the points (0, 0 
and (1, 1). 

If the desirutl eolitlion oci!ne lrlor~ w 11.11 1110 mparatrix of common directio 
the numercial ~ o ~ ( ~ i ~ ~ ~ ~ l ~ ~ ~ ~ l i ~ r ~  ol' It* iiiitl 1110 finding of the corresponding soluti 
present considorthlo ~ ~ i ~ l ' j ~ ~ ~ ~ i ~ ~ ,  llills OUBO, the expansion of the solution 
close to N1 is of lho form 

tr 

I 
I .  

b * 4 I (It 1~ ( 1 1 )  *I* A u ((1 *- n l ) a  + I , , + A ,, ( R  - a , )  n + c (n - al)L + 
+I+ A I, I 1  (n -ill)"+' + * I , ,  

where (al, 1) are tho anordlnaloa of N, and A(klx) is the ratio of the eigenvalues 
of the matrix consisting of tho 1ho:ir torms in equation (7) obtained from the 
expansion of (7) close to tho point N1. Thus, from the point N1 there issues a 
pencil of curves the first n terms in the expansion of all of which are the same 
in a neighborhood of the point N1, and the problem consists in numerical 
determination of one of them, namely, the analytic curve corresponding in the 
expansion to the value C = 0. To ainglo out this curve, we introduce the variables 

At x = 0, the valua of 11 is oqunl lo 0 only for the analytic solutip that we are 
seeking. For the romnining o w v i w  111 Clio pencil, the value of 9 at x = 0 is 00. 

ables (9) proposed by Ya, M, 1-axhdun, To do 

/ 

Below, we shall desorlbo tho mothod of automation of the shift to the vari- 

ariables y = b-1, x awnl in ocjuution (7). 
1 

In the new variabloa, aqunthn (7) booomes 



Then, 

I n 

where the ooeffioiantrj d i ~ ' ~  nnd h" 838 oalculated from the formulas 
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In these substitutions, A aflaurnes tho values AI, Az, . . 
as follows: 

In the first step, 

and is calculated 

' a41 - h a  1. fl(h - b o ) *  -1- 4~o,a,o] , I 

I 
d l  rt* ----I 

I 

in all the remaining iteps, 

Thus, the entire calculation irs nutamated. Unfortunately, increase in the value 
of i is accompaniod by R Bharp inaronse in UAt, b h t  and Ai ,  which causes considerable 
computational difliculliorr , In praatico, we have succeded in investigating on the 
machine only thoso vuluos of k lofar which le A < 5.: 

tianrr that wo hnvo mndo showed the following dependence of k* 
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"+e graph of / V { H )  is Rhown In Y ? l &  1, Ono can see from that graph tha 

This is borno out by tho onlaulriblona, Spocifically, for x = 2 there is no 

urve k * ( x )  must intormot: tho lino 1% ~3 1 in rr nofghborhood of the point x = 2. 

index of self-similarity in tho intoivvnl 1 c h 'e 1,036. This brings up the 
t that there may be either an lntlox /i 
rity. In Seation 4, we Bhnll ulrow Illtit: there is no index of self 

Boation 3 ' 

After the focusling aE tho hollow iibg In Iho spherical case, a shock wave is 
reflected from tho u m l m ,  T h l ~  IH ctnlilri Iylod by the following considerations: We 
cannot assume tho wlul lo i l  of our ~ ) I V I I I I ~ I I I I  t.o bo continuous. Therefore, the 
integral C U ~ V O  of o1yiiI,lon (7) ooi*Wtq i or i t l l  try; to tho desired solution intergects 
the curve a = 1 
show, This loads 10 Iho friirt tlrr\l, W\IUI \  wu hitograte (8) along the integral curve 
i@), we obtain u notinioriotonlo funcrl hi, whioh, of course, is absurd. 

saltus at whioh f e  ilolui~mlriud by Wia 1MUcrT relations on a shock wave 

1,or a second index of se 

rt point nthur h l l  lr H!i\)(\i)iir point - as  the CalculationB 

Therefore, wo RHUU~\ICI  tho ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ( ~ 1 ~  d n diacontinuity in the solution the 

Here, the subsarilit 1 cir)i'r~u#).,on(lcl Isr Clio Htnto of the gas in front of the wave 
and 2 corresponds Io tlro W t u  bith (1 Wio wnvo; D is the velocity of the shock 
wave; E is the intorncil anorgyi V tho spocific volume. 

ru.= ( r / q u ( E )  and r! *rr) ( r / t ) C { t ) ,  wu mii rowrite (11) in the form 
If we introduoo tho notullan ti CDI / la /P I  and the self-similar functions 

1 q ( $ 4 + ~ ) + % - 1  u2-u4 
(7) -&.-I---- 

' 2  

x +  1 + rl(x - 1) 

which is more convoniont; for dotortnlning tlio shock wave. To study the behavior 
of the solution afbr foousing for larga vriluos of E, we note that, at the center, 
the velocity u is q u a l  0 and the voXouSty of sound is finite. Then, as j-9.00, 

ti@ C(&) - 00, and U(g)  IC ( ! )  MO, turd wo havs the asymptotic behavior 
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In the ab-pfano, tho raprosontntlon (16) has the following geome 
ion (see Fig. 6): it maps tho rogion Ia 1, * a)  into the region 

1, + j (  ( x  - 1 -I. HflJ(x * 9 ) x ) l ) ( a  -t i )  / ( x  4- 1 -slz;c(x- ql}; 

the straight line a = 1 romaina in position and the straight line b 
d into 

a i 

6 ma 1 + (H ll*1 i -I. Hfl2x ( W  8** i)](/~ yr* i ) }  / { X  I 1 ‘t‘Px(~ - I ) ] ) *  

The region { b  G 1, h 3 It) IW IIIWO t t ir i lr (md onto n triangular region adjacent to the 
line b = 1. Thc1 cllrrwCIo~r or l l ~  ~ i \~ t lq~ l t \g  ia ahown by arrows. We are interested 
only in the fir& i*op;Ioi\ ( b  ; im i t ,  11 11, ~ I n o o  it is this region that the traJectory 
issuing from tho poi111 N I ‘a l1~  I n l c r ,  I h m  this region, it makes a saltus into 
the region {a  .15 1, !J 3 11, dlioro a f l ~ ~ w ~ ~ l h  Holution can be constructed. However, 
there are a numbor of wnycr of ohookrlng n woak discontinuity at the point N1, 
constructing tho shock wiivo, and Imiuu gluing the smooth solution. If we choose 
.the wave in such u wiiy llmt tho solullon passes through the point NZ, we shall 
obtain one of tho eolutfone of tho boundrr~y problem (see Fig. 4). However, tbe 
striking non-uniquonoss or lho uho3ao of solution and the exietence of weak 
discontinuities ut; tha pointe N1 and H2 ruquiro supplementary restrictions. 

1r”lguz’a 0, 

By numerionl i n ~ ~ ~ ~ ~ ~ n t j o ~ ,  wo lrrrva asrtnblishod that, at least in N1, there 
are no analytio solutione in thh  l‘mrJly, 

Thus, we haw ehown thut thura ut% tto rinalytic indices of self-similarity 
fork < i. 
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In the case that we are considering, just as in 
e analytic index of self-similarity is not a single 
dex X .  \ Considerations on this point discussed 
suming that corresponding to every value of )c 

dices of self-similarity, 

Suppose that, €or x w :I, thoro aro an oven number k' e k2 e ... of these 

Let us call tho contin 
. . x and satisfies tho oanditi 

index of self -similarity, 
is ~ ( x ) .  As was indicntod 
for z G 2 we get thho smdlcto 
found the following valuse of 

, H w 2,1 kU(2,l) = 1.052 , 

x mill 2,o IP(2.0) !.on0 

k"1,tl) rJ 1.020 

LP(1.8) = 1.0022 

I 

I t  1 11 W a  1,o 

x PI 1,El 

The graph of P((H)  is ekown in IPig, I., One can easily see that k * ( x )  ceases /251 - 
to exist when x G 1.8, In im  annlogoufl WEEY, wo can conclude that, for every 
n = 3 ,  4, . . , 
exist and there exiflts an intomal AlHn ~ [ 1 ,  id], for which the nth of self-similarity 
exponent will be the emalleat, 

there mists a 1 < H n  < LH, at which the function kn(x),eeases to 

Mallon 8 

As was poinlotl out in 1.1 , p, 18, for lho case of collapse of a spherical 
hollow, we can l'ivltl lhir iwympln)llu I)diitvIor of ii'(x) as x 3  09. This asymptotic 
behavior corrospontlw lo 1111 Inuoirr~~ricrsrn~lL,lo liquid, which we should consider 
as the limiting Gnu0 01' 11. ~ i ) ~ ~ ~ ) ~ ~ ~ ~ ~ I ~ ) i ~ ~  liquid as x-cm: 
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which we c d  solve, Its aolution is 

m -Crc'/a+2a[/1(2-k) -a] .  , 

The boundary conditions uro ns follows: as a+O, the point (0, 0) remain 

The condition of nnnlytioity of lhu solution leads to the result that C = 0. 

in position but tho point (2, 1) i8 mapped into a = 1, z = 0. 

The condition Illat the solutian pnssws through the point a = 1, z = 0 yields the 
result k*(m) 7/4, 

In conoI~~loii ,  lho r/ul lwP oX)bi*oNms his deep gratitude to Ya. M. Kazhdan 
for his manuaurlpl nnd to 8, XC, (Iotlunov for his attention to the work.% 
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